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Abstract

In this paper, we describe a newly discovered statistical property of time series data for daily
price changes. We investigated quantitatively the calm-time intervals of price changes for 800
companies listed in the Tokyo Stock Exchange, and for the Nikkei 225 index in the 27-year
period from January 1975 to December 2001. A calm-time interval is de:ned as the interval
between two successive price changes above a :xed threshold. We found that the calm-time
interval distribution of price changes obeys a power-law decay. Furthermore, we show that the
power-law exponent monotonically decreases with respect to the threshold.
c© 2003 Published by Elsevier B.V.
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1. Introduction

Some stylized facts of :nancial time series are well known to hold true. Examples
include (i) fat-tailed distribution [1] of relative price changes, so called log-returns,
(ii) for larger values of relative price changes, the power-law distribution of rela-
tive price changes [2–9], (iii) volatility clustering [10,11] which is described as on–
oB intermittency in literature of nonlinear dynamics, (iv) multi-fractality of volatility
[12–16], and so on.
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More recently several authors have investigated statistical properties of waiting times
of high-frequency :nancial data [17–24]. In particular, Enrico Scalas and his co-workers
[17–21] have applied the theory of continuous-time random walk (CTRW) to the :nan-
cial data. They also found that the waiting-time survival probability for high-frequency
data of the 30 DJIA stocks is non-exponential [21]. In this study we examined fur-
ther the statistical properties of the waiting-time of stock price changes. An interesting
question occurring in :nancial markets is: what are the statistical properties of the
time intervals between two successive price changes? In particular, how long after one
large price Huctuation will the next large price Huctuation occur? To answer these
questions, we investigated the distribution of the calm-time interval [21] describing
the time interval between two successive price changes above a :xed threshold. We
analyzed quantitatively (i) a database covering securities of companies listed into the
Tokyo Stock Exchange (TSE), and (ii) the Nikkei 225 index from 4 January 1975 to
28 December 2001. The database covering securities of companies listed into the TSE
provides daily data of closing prices and covers the period between 4 January 1975 and
28 December 2001. We selected the 800 companies among all the companies listed
that had an unbroken series of daily closing prices for the entire 27-year period. Each
time series had approximately 7000 data points, corresponding to the number of trading
days in the 27-year period. We report how the calm-time interval distributions of price
changes are well approximated by a power-law function. Furthermore, we show that
the power-law exponent monotonically decreases with respect to the threshold.

2. The calm-time interval distribution of price changes

We :rst analyzed the set of data of stock prices for 800 companies covering the
27-year period from 4 January 1975 to 28 December 2001.
We formed 800 time series of pj(t), which denotes the closing price of company j.

We de:ned price change Sj(t) as increment of the price Sj(t)=pj(t)−pj(t−1) where
p(t) is the closing price on trading day t. We normalized the price change as follows:

sj(t) =
[Sj(t)− JSj]

Vj
; JSj =

1
T

T∑

t=1

Sj(t) ; (1)

where Vj is the standard deviation of company j and JSj(t) is a time average. We
obtained about 7000 normalized price changes sj(t) per company in the 27-year period.
We :rst measured the calm-time intervals. To do so, we introduce a threshold 	 of the
absolute value of normalized price changes, |sj(t)|. A calm-time interval 
j is accurately
de:ned as the time interval from 1 day that the absolute value of the normalized price
change is above the threshold to the next day that it exceeds the threshold. We counted
the number of calm-time intervals greater than 1 day, and then made a cumulative
distribution of the calm-time intervals of the normalized price changes, P(|
j|¿
). In
this paper we focus attention on statistical properties of the calm-time interval of price
change rather than those of the calm-time interval of a return de:ned as the logarithmic
price change. The main reason is that we investigated the statistical properties of the
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Fig. 1. The time series of the calm-time intervals of price changes. The vertical axis indicates the absolute
value of the price increment, |sj|, and the horizontal axis indicates date. The arrows on the :gure illustrate
the calm-time intervals.

calm-time intervals of the returns but we could not obtain the clear results, comparing
to the empirical results of the price changes.
Tomen Corp., a large Japanese business company, serves as a typical example of

the 800 large companies we analyzed. Fig. 1 illustrates the calm-time interval of the
price changes. The vertical axis indicates the absolute value of the price change, |sj|,
and the horizontal axis indicates date. The arrows on the :gure illustrate the calm-time
intervals. In this case we established the threshold up 	=0:7. Fig. 2 presents the log–
log plots of the cumulative distribution of the calm-time intervals of price changes with
the :xed threshold 	 = 0:7. The dots represent the observed cumulative distributions,
whereas the solid lines represent the power-law distributions, which is expressed by

P(x) ≡ P(
tomen¿ 
) ∼ 1

�
: (2)

Linear regression :t in the region from 1 to 100 standard deviations yields �=1:13±
0:02, R2 = 0:99.
To con:rm the robustness of the above analysis, we repeated this analysis for each

time series of price changes for each of the 800 companies. For all of the companies,
the asymptotic behavior of the functional form of the cumulative distributions was con-
sistent with a power law. Fig. 3, showing the log–log plot of cumulative distributions
of the calm-time intervals with the threshold 	 = 0:7 for 10 companies selected ran-
domly from the 800 companies, demonstrates that the calm-time intervals of the price
changes obey power-law decay. The power-law exponent � is distributed in the range
from 1 to 2. 1 Under the threshold 	= 0:7 the estimates of the power-law exponent �
were, for all but 4 of the 800 companies, within the stable LLevy domain, 0¡�¡ 2.

1 The estimates of the power-law exponent � were sensitive to the bounds of the regression used for :tting.
Thus we used the coeMcient of determination R2 of the linear regression line as a standard to determine
the appropriate values of the power-law exponent �. We chose the results of the regression :t where the
coeMcient of determination was greater than 0:98.
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Fig. 2. The log–log plots of the cumulative distribution of the calm-time interval for Tomen Corp. in the
27-year period from 4 January 975 to 28 December 2001 with the threshold 	= 0:7. The dots represent the
observed cumulative distributions, whereas the solid lines are of the power-law distributions P(
tomen) ∼ 
−�
with the exponent � = 1:13.
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Fig. 3. The log–log plots of the cumulative distribution of the calm-time interval for 10 companies with
the threshold 	= 0:7. The 10 companies were selected randomly from among 800 companies listed into the
TSE.

Fig. 4 shows the histogram for the power-law exponent �, obtained from regression
:ts to the individual cumulative distributions of all 800 companies. Fifty-seven percent
of all the estimates of � were between 1.3 and 1.5.
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Fig. 4. The histogram of the power-law exponent � estimated from the cumulative distributions of the
calm-time intervals for 800 companies listed into the TSE with the threshold 	 = 0:7.

We next analyzed the price series data of price series for the Nikkei 225 index
in the period from 4 January 1975 to 28 December 2001. The Nikkei 225 index is
the Dow–Jones average of 225 industrial stocks listed in the Tokyo Stock Exchange.
Fig. 5 presents the log–log plots of the cumulative distributions of the calm-time in-
terval for the Nikkei 225 index for the threshold 	 = 0:25. The dots represent the
observed cumulative distribution, whereas the solid lines are of the power-law distri-
butions, which are well expressed by P(
nikkei¿ 
) ∼ 
−�. Regression :ts in the region
16 
6 90 yield �= 1:13± 0:02, R2 = 0:992.

2.1. Dependency of the power-law exponents on the threshold

Finally, we investigated the dependency of the power-law exponent � on the thresh-
old, 	. Fig. 6 presents the plot of the cumulative distributions of the calm-time intervals
for Tomen Corp. under 	 ranging from 0.1 to 0.9. Then we investigated the Nikkei 225
index. Fig. 7 shows the plot of the cumulative distributions of calm-time intervals for
the Nikkei 225 index under 	 ranging from 0.15 to 0.3. Table 1 shows the threshold

 and the corresponding power-law exponent �. One can see that in both the cases the
power-law exponent � monotonically decreases with respect to the threshold 	.
Through our extensive examinations using price data for the 800 companies, we

have ascertained that this tendency is robust.
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Fig. 5. The log–log plots of the cumulative distribution of the calm-time interval for the Nikkei 225 index
in the 27-year period from 4 January 1975 to 28 December 2001 with the threshold at 	 = 0:25. The dots
represent the observed cumulative distributions, whereas the solid lines represent the power-law distributions
P(
nikkei) ∼ 
−� with the exponent � = 1:13.
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Fig. 6. The plot of the cumulative distributions of the calm-time intervals for Tomen Corp. under thresholds
	 ranging from 0.1 to 0.9.
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Fig. 7. The plot of the cumulative distributions of the calm-time interval for the Nikkei 225 index under
thresholds 	 ranging from 0.15 to 0.3.

Table 1
Dependency of the power-law exponent � on the threshold 	

Tomen corp. The Nikkei 225 index

Threshold 	 The exponent � The threshold 	 The exponent �

0.1 1.81 0.05 2.47
0.2 1.43 0.1 2.24
0.3 1.31 0.15 1.66
0.5 1.22 0.2 1.25
0.7 1.13 0.25 1.17
0.9 0.97 0.3 1.16

3. Conclusion

In conclusion, we have discovered a new scale-free trend for calm-time intervals
between large Huctuations of daily stock prices. Our results show that the power law of
the calm-time interval is very robust. The power-law statistics shown here are not only
an interesting theoretical :nding but are presumably also a practical tool for measuring
the risk of security investments. Our empirical results constitute a condition that any
theory of :nancial markets would have to satisfy. The next step is to model the power
laws of calm-time intervals of the lower-frequency :nancial data. The theoretical study
will be left for future work.
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