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୲ڭһʢInstructorsʣɿ ͜ͷίʔεٛߨʢ༵ୈ ݶ࣌1,2 N220ʣླ͕୲͠ɺԋशʢN231,
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༟Ұ͞Μ͕୲͠·͢ɻ͞ΒʹɺେֶӃੜͷਆ୩༿݄͞ΜɺాࠇҀ͞ࢠΜɺࢁܠ༑थ͞Μ͕ɺαϙʔτʹ
ɻίʔεӡӦʹٙɾཁ͕͋Ε͢·ͪ࣋ʑͷ࣭ʹ͑·͢ɻίʔεશମͷླ͕ݸ͍ͯͭ
ɺૣΊʹླʹਃ͠ग़ͯԼ͍͞ɻླͷࣨڀݚ (S309ɿυΞʹεέδϡʔϧΛష͓͖ͬͯ·͢) ʹ࣭ʹ
དྷͯԼͬͯ͞Α͍Ͱ͢͠ɺ݄ɾਫͷ 13:20-16:20  S302 Math Help Desk Ͱ࣭Λड͚͚͍ͯ·͢ɻ

༧ఆʢTentativeٛߨ Lecture Scheduleʣ

Date Title Reading Note
September 6 1. System of Linear Equations 1.1, 1.2
September 13 2. Solution Sets of Linear Systems 1.3, 1.4, 1.5 HW1 (1.6)
September 20 3. Linear Transformations 1.7, 1.8, 1.9 HW2 (1.10 & Suppl.)
September 27 4. Matrix Algebra 2.1, 2.2, 2.3
October 4 5. Properties of Matrix Algebra 2.4, 2.8, 2.9 HW3 (Suppl.)
October 11 6. Determinants 3.1, 3.2
October 18 7. Applications of Determinants 3.3
October 25 8. Vectors and Vector Spaces Handout
November 1 9. Eigenvalues and Eigenvectors 5.1, 5.2, 5.3 HW4 (Review)
November 8 10. Review Old Final

͜ͷίʔεͷతʢCourse Objectivesʣ

ઢܗֶͷૅجΛֶͿɻฏ໘ɼۭؒͷϕΫτϧɼੵɼ֎ੵɼྻߦɼ֊ɼࣜྻߦɼ࿈ཱ ఔࣜͷํ࣍1
ղ๏ɼྻߦͷݻ༗ɼݻ༗ϕΫτϧɼ͓Αͼฏ໘ɼ্ۭؒͷઢ૾ࣸܗͷྻߦදࣔͳͲΛऔΓѻ͏ɻ

Պॻڭ (Textbook)ɿ Linear Algebra and Its Applications, 5th Edition, by David C. Lay, paper back,
Pearson, Global Edition লಊͰൢച͍ͯ͠·͢ʣࡾ)

ॏཁʢImportant Remarksʣɿ ͯ͢ͷٛߨͱԋशʹؒ࣌௨Γʹग़੮͢Δ͜ͱɻٛߨԋशͷؒ࣌Λॆ
࣮ͨ͠ͷͱ͢Δ͜ͱɺ୲ڭһͷͰ͢ɻຖि Λ֬อͯؒ࣌͘͠ఔΫϥε֎Ͱ༧श෮शͷؒ࣌5
͍ͩ͞ɻڭՊॻͷରԠ͢ΔՕॴΛतۀલʹͬ͟ͱಡΈɺतޙۀʹɺڭՊॻΛ͔ͬ͠Γͱཧղ͠ͳ͕Β͏Ұ
ಡΈɺ֤અͷ Practice Problems Λղ͖ɺ࠷Ͱ Core Problems ͱͯ͠ࢦఆͯ͋͠ΔΛղ͍ͯԋ
शʹྟΜͰԼ͍͞ɻCore Problems ຆͲح൪ͷͰרʹ͕͑͋Γ·͢ɻԋशͰ࠷ॳʹɺCore
Problems ͷղΛࠇ൘ʹॻ͖આ໌Λͯ͠Β͍ɺͦΕҎ֎ͷͰ͖Δ͚ͩଟ͘ղ͍ͯΒ͍·͢ɻප
ɾԋशΛܽ੮ͨ͠߹ʹɺITٛߨͳͲͰΉΛಘͣؾ αϙʔτɾπʔϧʢMoodleɺϗʔϜϖʔδ) Λར
༻ͨ͠Γɺ࣭ʹདྷΔͳͲͯ͠ૣΊʹܽ੮ͨ͠෦ΛิͬͯԼ͍͞ɻڭՊॻ͕ӳޠͰ͋Δ͜ͱେมͩ
ͱ͡ײΔֶੜଟ͍ͱ͍ࢥ·͕͢ɺಛʹࣗવՊֶͰɺૣ͘ӳޠͷڭՊॻʹ׳ΕΔ͜ͱେͰ͢ɻ

ධՁʢGrading Policyʣ

HomeworkʢࠓͷܭըͰ 4ճʣ߹ܭΛ 100ຬʹͨ͠ࢉͷɺԋशͷؒ࣌ʹ͓͚Δɺࠇ൘ʹղΛ
ॻ͍ͯͷઆ໌ɺখςετʢܭըͰ 2ճʣͷΛ߹ͨ͠ܭԋशͰͷ 100ຬʹࢉʢධՁͷ۩ମతج
४ɺतۀͷӡӦ͕མͪண͍͔ͯΒࣔ͠·͢ʣ ɺFinal Examʢظؒظݧࢼதʹ࣮ࢪʣΛ 200ຬʹ
Ͱܭ߹ɺ͠ࢉ 400Λຬͱͯ͠ධՁ͠·͢ɻ

ֶमࢧԉʢLearning Supportʣ

1. Moodle 3: https://moodle3.icu.ac.jp/course/view.php?id=64 ʢEnrollment Key: LAI2018ʣ

2. 2012ͷ͜ͷतۀɺICU OCWͱͯ͠ެ։͍ͯ͠·͢ɻhttp://ocw.icu.ac.jp/majors/mth103 2012a/

3. ͜ͷίʔεͷϗʔϜϖʔδɿhttps://icu-hsuzuki.github.io/science/class/linear1/index-j.html

4. Suzuki’s Office Hour: Every Wednesday and Friday from 8:50 a.m. - 10:00 a.m. or with appoint-
ment. Office: Science Hall S309, Email: hsuzuki@icu.ac.jp



Section Summary

1.1 System of Linear Equations; consistent, unique solution, inconsistent

1.2 Row Reduction and Echelon Forms; pivot position, pivot column, reduced row echelon form

1.3 Vector Equations; linear combination, span

1.4 The Matrix Equation Ax = b; existence of solutions

1.5 Solution Sets of Linear System; homogeneous linear systems, parametric vector form

1.6 Applications of Linear Systems; Economics Ex.1-4, Chemistry Ex.5-10, Network Ex.11-14

1.7 Linear Independence

1.8 Introduction to Linear Transformations

1.9 The Matrix of a Linear Transformation; standard matrix, reflections, contractions and expansions,
shears, projections

1.10 Business Models Ex.1-4, Electrical Networks Ex.5-8, Difference Equations Ex.9-11

2.1 Matrix Operations

2.2 Inverse of a Matrix; algorithm

2.3 Characterization of Invertible Matrices

2.4 Partitioned Matrices

2.5 Matrix Factorizations

2.6 The Leontief Input-Output Model

2.7 Applications to Computer Graphics

2.8 Subspaces of Rn

2.9 Dimension and Rank

3.1 Introduction to Determinants

3.2 Properties of Determinants

3.3 Cramer’s Rule, Volume, and Linear Transformations

5.1 Eigenvalues and Eigenvectors; linearly independence of eigenvectors

5.2 The Characteristic Equation

5.3 Diagonalization
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1 System of Linear Equations

Matrices

Definition 1.1 A matrix (or an m × n matrix ʢྻߦʣ) is an m × n rectangular array
of numbers. A matrix with only one column is called a column vector or simply a vector
in Rm.

A =

⎡

⎢⎢⎣

a11 a12 · · · a1n
a21 a22 · · · a2n

· · · · · · · · ·
am1 am2 · · · amn

⎤

⎥⎥⎦ , b =

⎡

⎢⎢⎢⎣

b1
b2
...
bm

⎤

⎥⎥⎥⎦
.

Linear Systems and Augmented Matrices

Definition 1.2 A finite set of linear equations in the variables x1, x2, . . . , xn is called a
system of linear equationsʢ࿈ཱҰ࣍ʢઢܗʣํఔࣜʣ or a linear system.

⎧
⎪⎪⎨

⎪⎪⎩

a11x1 + a12x2 + · · ·+ a1nxn = b1
a21x1 + a22x2 + · · ·+ a2nxn = b2

· · · · · · · · ·
am1x1 + am2x2 + · · ·+ amnxn = bm

where x1, x2, . . . , xn are the unknownsʢະʣ.
A solutionʢղʣof the system is a list (s1, s2, . . . , sn) of numbers that makes each

equation a true statement when the values s1, s2, . . . , sn are substitutedʢೖ͢Δʣfor
x1, x2, . . . , xn, respectively. The set of all solutions of the system is called its solution set
or the general solutionʢҰൠղʣof the system. Two linear systems are equivalentʢಉʣ
if they have the same solution set.

A system of equations that has no solutions is said to be inconsistentʢղͳ͠ɾෆʣ;
if there is at least one solution of the system, it is called consistentʢղ͕ଘ͢ࡏΔʣ.

The augmented matrixʢ֦େྻߦʣA or extended coefficient matrix, and the
coefficient matrixʢྻߦʣC of this system are defined as follows.

A =

⎡

⎢⎢⎢⎣

a11 a12 · · · a1n b1
a21 a22 · · · a2n b2
...

...
...

...
am1 am2 · · · amn bm

⎤

⎥⎥⎥⎦
, C =

⎡

⎢⎢⎣

a11 a12 · · · a1n
a21 a22 · · · a2n

· · · · · · · · ·
am1 am2 · · · amn

⎤

⎥⎥⎦

Fundamental Questions About a Linear System

1. Is the system consistent? Does at least one solution exist?

2. If a solution exists, is it the only one? Is the solution unique?

3. If more than one solution exist, what can we say about the solution set?

1–1



Elementary operations on equations:

1. (Replacement) Replace one equation by the sum of itself and a multiple of another.

2. (Interchange) Interchange two equations.

3. (Scaling) Multiply an equation through by a nonzero constant.

Elementary row operations:

1. (Replacement) Replace one row by the sum of itself and a multiple of another.

[i, j; c]: Replace row i by the sum of row i and c times row j.

Add c times row j to row i.

2. (Interchange) Interchange two rows.

[i, j]: Interchange row i and row j.

3. (Scaling) Multiply all entries in a row by a nonzero constant.

[i; c]: Multiply all entries in row i by a nonzero constant c.

Note. The notation above ([i, j; c], [i, j], [i; c]) is not in the textbook.

Two matrices are called row equivalent if there is a sequence of elementary row oper-
ations that transforms one matrix into the other. (page 22)

Proposition 1.1 (page 23) If the augmented matrices of two linear systems are row
equivalent, then the two systems have the same solution set.

A leading entry of a row refers to the leftmost nonzero entry (in a nonzero row).

Definition 1.3 An m× n matrix is in echelon form (or row echelon formʢ֊ஈྻߦʣ)
if it has the following properties:

1. All nonzero rows are above any rows of all zeros.

2. Each leading entry of a row is in a column to the right of the leading entry of the
row above it.

3. All entries in a column below a leading entry are zeros.

It is in reduced row-echelon formʢطΨεྻߦʣif it is in echelon form and it has the
following properties:

4. The leading entry in each nonzero row is 1. We call this a leading 1.

5. Each leading 1 is the only nonzero entry in the column.

Theorem 1.2 (Theorem 1. (Gauss-Jordan Elimination, p.29)) Every matrix is row
equivalent to one and only one reduced row echelon matrix. (i.e., it can be transformed
into a reduced row-echelon form by applying elementary row operations successively finitely
many times, and the reduced row-echelon form is uniquely determined).

1–2



Algorithm to Solve a Linear System

Step 1. Write the augmented matrix1 of the system2.
⎧
⎪⎪⎨

⎪⎪⎩

x1 + 0x2 + x3 + 0x4 + x5 + 3x6 = −1
−x1 + 0x2 − x3 + 0x4 + 0x5 − 4x6 = −1
0x1 + x2 − 2x3 + 3x4 + 0x5 − x6 = 3

−2x1 − 2x2 + 2x3 − 6x4 − 2x5 − 4x6 = −4 [resp.4]

⎡

⎢⎢⎣

1 0 1 0 1 3 −1
−1 0 −1 0 0 −4 −1
0 1 −2 3 0 −1 3
−2 −2 2 −6 −2 −4 −4 [4]

⎤

⎥⎥⎦

A system is consistent if and only if the rightmost column of the augmented matrix is not a
pivot column – that is, if and only if an echelon form of the augmented matrix has no row of the
form [0, · · · , 0, b] with b nonzero. If a linear system is consistent, then the solution set contains
either (i) a unique solution when there are no free variables, or (ii) infinitely many solutions,
when there is at least one free variable. 3

Step 2. Use the row reduction algorithm4 to obtain an equivalent augmented matrix in
echelon form5 by elementary operations ([i, j; c], [i, j], [i; c])6. Decide whether the system is
consistent. If there is no solution, stop; otherwise go to the next step.
⎡

⎢⎢⎣

1 0 1 0 1 3 −1
−1 0 −1 0 0 −4 −1
0 1 −2 3 0 −1 3
−2 −2 2 −6 −2 −4 −4 [4]

⎤

⎥⎥⎦
[4,1;2]−→

⎡

⎢⎢⎣

1 0 1 0 1 3 −1
−1 0 −1 0 0 −4 −1
0 1 −2 3 0 −1 3
0 −2 4 −6 0 2 −6 [2]

⎤

⎥⎥⎦
[2,1;1]−→

⎡

⎢⎢⎣

1 0 1 0 1 3 −1
0 0 0 0 1 −1 −2
0 1 −2 3 0 −1 3
0 −2 4 −6 0 2 −6 [2]

⎤

⎥⎥⎦
[2,3]−→

⎡

⎢⎢⎣

1 0 1 0 1 3 −1
0 1 −2 3 0 −1 3
0 0 0 0 1 −1 −2
0 −2 4 −6 0 2 −6 [2]

⎤

⎥⎥⎦
[4,2;2]−→

⎡

⎢⎢⎣

1 0 1 0 1 3 −1
0 1 −2 3 0 −1 3
0 0 0 0 1 −1 −2
0 0 0 0 0 0 0 [8]

⎤

⎥⎥⎦
[1,3;−1]−→

⎡

⎢⎢⎣

1 0 1 0 0 4 1 [0]
0 1 −2 3 0 −1 3 [0]
0 0 0 0 1 −1 −2 [0]
0 0 0 0 0 0 0 [1]

⎤

⎥⎥⎦

echelon form reduced echelon form

The system in [ ] is inconsistent as one of the rows of its echelon matrix is [0 0 0 0 0 0 8].

Each matrix is row equivalent to one and only one reduced row echelon matrix.7

Step 3. Continue row reduction to obtain the reduced row echelon form.

Step 4. Write the system of equations corresponding to the matrix obtained in Step 3.

⎧
⎪⎪⎨

⎪⎪⎩

x1 +x3 +4x6 = 1
x2 −2x3 +3x4 −x6 = 3

x5 −x6 = −2
0 = 0

=⇒

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

x1 = 1− x3 − 4x6,
x2 = 3 + 2x3 − 3x4 + x6,
x3 is free,
x4 is free,
x5 = −2 + x6,
x6 is free.

1page 20
2page 18
3Theorem 2 in page 37
4page 31–33
5page 29
6page 22, and class note
7Theorem 1 in page 29
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Examples
{

x − 3y = 2
x + 2y = 12

[
1 −3 2
1 2 12

]

⎧
⎨

⎩

3x + y + 2z = 4
x + y + z = 1

11x − y + 5z = 17

⎡

⎣
3 1 2 4
1 1 1 1
11 −1 5 17

⎤

⎦

[
1 0 8
0 1 2

]
,

⎡

⎣
1 1 1 1
0 −2 −1 1
0 0 0 0

⎤

⎦ ,

⎡

⎣
1 1 1 1
0 1 1

2 −1
2

0 0 0 0

⎤

⎦ ,

⎡

⎣
1 0 1

2
3
2

0 1 1
2 −1

2
0 0 0 0

⎤

⎦ .
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