3 Vectors

3.1 Vectors in R"”

Definition 3.1 (page 20) If m and n are positive integers (IED#E) | an m x n matriz
(f7%1) is a rectangular array (FAICAA7Z) of numbers with m rows (fT) and n
columns (%) . If n is a positive integer, an n x 1 matrix is often called an n-dimensional
column vector and a 1 X n matrix an n-dimensional row vector. The collection of all
n-dimensional column (or row) vectors is denoted by R™.

The vector whose entries (7)) are all zero is called the zero vector and is denoted
by 0. The number of entries in 0 will be clear from the context.

Equality of (column or row) vectors in R™ and the operations of scalar multiplication
(A A 7 —1%) and vector addition (X7 FI)LDAFI) in R” are defined entry by entry. Thus
for c € R and
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Example 3.1 Ais a 3 x4 matrix, u, u,u”, u” are (3-dimensional) column vectors in R3,
v, v, v" are (4-dimensional) row vectors, and w is a (3-dimensional) row vector.

3 1 2 4 3 1 2 4
A= 1 11 1],u= 1],u = 1, u"=|1]|,u"= 1],
1 -1 5 17 11 —1 ) 17

v=1[3,1,2,4,v =[1,1,1,1],0" = [11,-1,5,17],w = [3, 1, 11].

In order to save space, a column vector such as u above is written in the following way
as well.
w=[3,1,11]" = w" the transpose of w.

3 -1 2
(u+ (-Du')+u" = 1|+ | -1 +l1l=| 1]|=u"
11 1 > 17

v+ (=30 =[3,1,2,4] + (=3)[1,1,1,1] = [3,1,2,4] + [-3,-3,-3,-3] = [0, -2, —1, 1].

Algebraic Properties of R" (page 43) For all u, v, w € R" and all scalars ¢ and d:

i) u+v=v+u (v) c(u+wv)=cu+cv
(i) (u+v)+w=u+ (v+w) (vi) (c+d)u=cu+du
(i) u+0=u=0+u (vii) c(du) = (cd)u
(iv) u+(—u)=0=(—u)+u (viii) lu=wu

where —u denotes (—1)u

For simplicity of notation, a vector such as u + (—1)v is often written as u — v. These
properties are satisfied by row vectors as well.
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Definition 3.2 For (column (or row)) vectors

T o= [vl,vz,...,vn]T € R",

w = [ug, U, ..y Uy
the inner product (W) of w and v is defined by:
U -V = UV + UgV2 + * + - + UpVy.

When u - v = 0, u, v are called orthogonal (or perpendicular B389 %). The norm (/ )V
L) of wis ||ul| = Vu-u = vVu2 +u2 + -+ uy2.

For w = [uy,us, ..., up| " v = [v1,v9,...,0,] ", w = [wy,ws, ..., w,]" € R" and ¢ € R,
u-v=v-u, (utv) w=u-w+v w, (cu)-v=clu-v)=u-(cv).

Moreover, ||u| > 0 and ||u|| = 0 if and only if u = 0.

(u+v) w = ([ul,uz,...,un]T + [vl,UQ,...,vn]T) . [wl,w2,...,wn]T

= [up + v, us Fva, . Uy ] W, we, . wy] T
= (u1 +v)wr + (ug +v2)wy + -+ + (Up + vp)wy
= UWW1 + UgWy + -+ + UpWy, + V1W1 + VoWo + -+ - + Vp Wy,

= u-w+v-w.
Theorem 3.1 (Cauchy-Schwarz Inequality in pages 377-8) For u,v € R”
—[lulllv]] <w-v < [lullfv]
Equality holds if and only if one of w and v is a scalar multiple of the other.

Proof. We may assume that w # 0 is a non-zero vector in R". Then for any real number
A
0< | Au+v|?=Au+v)- Au+v) = X2|u|* + 2(u-v)\+ ||v]|%

It follows from a property of quadratic equations (2 XAER) | (u-v)? — ||ul]?||v|* < 0.
Since ||u|| > 0 and ||v|| > 0, |u - v| < ||u||||v|| and the inequalities hold.

Definition 3.3 Suppose u # 0 and v # 0. Then the angle between u and v are a real
number 6 such that 0 < 6 < 7 satisfying
u-v
cosf) = ————.
[[wllfv]]
Definition 3.4 Let w = [u1, up, u3]",v = [v1, v9,v3]" be vectors in R3. Then the vector
product (or exterior product X7 bIVEE, HHE) of u and v is:

-
U XV = [UgU3 — Uglz, UsU1 — UIV3, U V2 — U1
T
Uz V2 Us Vs Uy U1 a ¢
= , Where = ad — be.
us U3 Uy v Uy Vg b d
The following hold: u x v = —v X u, u- (u X v) =v- (u x v) =0.
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3.2 Exercises
1. For (i) and (ii), compute each of (a) - (e) below.
(a) w-v (b) u-(v+w) (©)  llull o], [[wl]

) )
(d) angle between v and w (e) amnonzero x suchthatx - u=x-v=x - w=0
u=

(i) w=1[3,1,11]T, v =[1,1,—-1]7, and w = [2,1,5].

)
(i) w=[1,1,1, 1] w=[1,1,—-1,-1], and w = [1, 1,1, —1]7.

2. For all vectors u, v € R”, show the following.

(a) [lu+vl* = [lul]® + 2(w - v) + [lv]*.
(b) (The Triangular Inequlity) ||w + v|| < ||u|| + [|v]|-

(¢) [[u+ v|| = ||u|l + ||v] if and only if one of the vectors is a positive scalar
multiple of the other.

(d) (Pythagoras’ Theorem) ||u + v||*> = ||u||? + ||v||? if and only if u and v are
orthogonal.

3. Let u=1[3,2,—-1]",v=10,2,-3]", and w = [2,6,7]". Compute
(a) vxw (b) ux(vxw) (¢) (uxv)xw
(d) (uxv)x(vxw) () ux(v—2w) (f) (uxwv)—2w
4. Let u = [ug, us, us] ", v = [v1, v, 03] be vectors in R®. Show
(a) u X v=—-v X u.
(b) u-(uxv)=v-(uxwv)=0.
5. Find a vector that is orthogonal to both w and v.
(a) u=1[-6,4,2", v=1[3,1,5]" (b) w=[-2,1,5]", v=13,0,-3]"
6. Find the scalar triple product u - (v X w).
(a)
(b)
7. Suppose that u - (v X w) = 3. Find

(@) w-(wxwv) (b) (vxw)-u (c) w-(uxv)
(d) v-(uxw) (e

=[-1,2,4]", v =1[3,4,-2]", w=[-1,2,5]".

u
u=[3,-1,6", v=1[243]", w=1[5-1,2]".

e) (uxw)-v (f) v-(wxw)
8. Let u, v, w be vectors in R3. Show the following.

() fluxol* = [u?[v]* - (u-v)*

(b) ux (vxw)=(u-wv—(u-v)w,and (u X v) X w=(u-w)v— (v w)u.

First try Exercises 1 (i), (ii) and 3 (a), (b).
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3.3 Related Problems in Final Exams
Final 2012 1(b) Find v, X vy, where v; = [3,2, =3]" and vy = [1,2,1]".
[SOIH. V1 X Vg = [87 —6,4]T]

Final 2013 1(c) Find v; x vy, where v; = [3,1,—2]" and v, = [1,2,4]".
[Soln. vy x vy = [8,—14,5] ]

Final 2014 1 Let u =[2,1,-3]", v =1(0,1,2]", w = [1,3,1]".

(a) Find u x v. [Soln. [5,—4,2]T]
(b) Find (u x v) - w. Note that |(u X v) - w| is the volume of a parallelepiped
defined by u, v, w. [Soln. —5.]

Final 2015 1 Let w=[1,4,9]", v = [1,8,27]7, w = [1,2,3]".

(a) Find u x v. [Soln. [36,—18,4]"]
(b) Find (u x v) - w. Note that |(u X v) - w| is the volume of a parallelepiped
defined by u, v, w. [Soln. 12.]

Final 2010 1(a) Let u, v, w be as follows.
u=1[4,-81)'op, v=[2,1,-2]", w=[3,—4,12]".

The vector p = projyu is a scalar multiple of v such that u — p is orthogonal to v.
Find p. [Soln. [—4/9,-2/9,4/9]"]

Proposition.  Let u, v and w be vectors in R3. Then ||u x v|| is the area of the
parallelogram (PATPULIE)  determined by w and v and |(u x v) - w| is the volume of
the parallelepiped (*PAT/NIHIfEK) determined by u, v and w.
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