Solutions to Take-Home QUiZ 7 (October 26, 2007)

Let A be a 5 x 5 matrix and B a 4 x 4 matrix given below.

1. Show that det(A) = (v5 — x1) (x5 — x2)(v5 — x3)(v5 — x4) det(B).

Sol.
1 1 1 1 1 0 0 0 0 1
L1 T2 T3 T4 Ts L1 — Ts L2 — Ts T3 — Ts Ty —Ts  Tp
’A‘ = 1‘12 $22 .%'32 $42 .%‘52 == 1’12 - 3352 x22 - $52 .T32 — 1‘52 {E42 — :E52 $52
xls $23 $33 $43 1’53 3713 - 3753 5323 - 1'53 1'33 - 5553 5543 - 1'53 1'53
x14 x24 :B34 .7:44 x54 $14 _ .%'54 x24 _ x54 $34 _ :B54 x44 _ x54 x54
1 — XI5 Iro — I5 Ir3 — IT5 T4 — Th
2 2 2 2
(—1)8 xl; B} 3352 x2§ B x5§ x33 B :):53 $43 B $53 (Cofactor expansion)
1" — Iy o~ — Ty Tr3” — Iy T4~ — Iy
1;14 _ x54 ZC24 _ .’E54 $34 _ $54 x44 _ 3354
Tr1 — Ty Tr9 — T Tr3 — Ty Ty — Ty
[4,?gc5} (_1)6 .,”Ulz — .7}52 .%'22 — x5§ xgz — .7}52 .%'42 — x5§
xr1° — Ty T9° — Ty T3 — Iy T4° — Ty
.2314 — $5ZC13 x24 — $5£1723 1‘34 — 1'5.%'33 x44 — x5x33
1 — X5 o — XI5 r3 — IT5 T4 — T5
(3,2ws] 6| x1%— x5 z9? — x5° x3? — x5° x4? — w57
- (_1) 5U13 - 1‘53512 x23 - IB5$22 1‘33 — x5x32 :L’43 — :):51'42
x14 — x5x13 :c24 — x5azg3 x34 — :L‘5.5L‘33 a:44 — x5x33
T — Ty To — Tg T3 — Ty T4 — Ty
2Lmsl (g6 :c132 5T :cz; a5 :c332 5T 33432 o5
1~ — I5Xq I2” — X5X9 Ir3” — T5T3 T4~ — X554
2814 — $5l’13 1724 — $5$23 $34 — 2751’33 $44 — .’E5$33

Factor out x1 — x5 from the first column, and zo — x5 from the second ...

1 1 1 1
I xI9 T3 T4

_ ~1\6 o _ _ _
= (=1)°(z1 — 25) (22 — 25) (73 — 25) (74 — T5) 22 192 23’ 12

.1'13 :L'23 .%'33 x43

= (x5 —x1)(z5 — 22)(25 — 73) (205 — 74)| B

2. Find det(A). (Solution only.)

Sol. This is called the Vandermonde determinant. Please be careful on the indices.
There are various expression of products just as ¥ notation for summations.

Al = (25 — 1) (25 — 22)(v5 — 73) (25 — 24) (T4 — 23) (T4 — T2) (T4 — 1)
(933' — x2) (w3 — x1) (22 — 1)
= M= T

= (—1)101_[ H (2, — ;) = H (x; — ;).

i=1 j=i+1 1<i<j<5



For the general case, the Vandermonde determinant has the following value.

1 1 1 1
T To I3 Tn L
1 o2 T3> Tt | = H (zj—zi) = (- >% H (@i — ;)
............... 1<i<j<n 1<i<j<n
Iln—l 1’2”_1 x3n—1 xnn—l
The determinant is nonzero if x1, xs, ..., x, are all distinct numbers.

. Let f(x) = asx? + azx® + asx® + ayx + ag be a polynomial satisfying f(—3) = 2,
f(=1) =5, f(2) = =3, f(3) = 0 and f(7) = 100. Write down a system of linear
equations to find ag, aq, as, as, as and explain why the numbers ag, a1, as, az, ay are
uniquely determined. Do not solve the equation!

Sol.
ap + (—3)ay + (=3)%as + (—3)%az + (=3)*ay = 2
ap+ (—Day + (=1)%as + (—=1)3az + (=1)*ay = 5
ag + 2a;, + 2%a5 + 23a5 + 2%ay = -3
ap + 3@1 + 32a2 + 336L3 + 34a4 = 0
Qo + 7CL1 + 726L2 + 736L3 + 74CL4 = 100
The coefficient matrix C' of this system of linear equation is the transpose of A with
r1=-3,19=—1. 23=2, x4, =3 and z5 = 7.

L =3 (=3 (=3 (=3)*
L =1 (=1 (=1)° (=1)*
c=|1 2 22 28 2
13 22 3 3
I A C R &

C] = |C"]
= (=37 =27 - (=1))(7=(=3)B-2)B - (=1))B—(=3))
(2= (=1)2 = (=3))((=1) = (=3)).
Hence the determinant of the coefficient matrix is nonzero. Therefore ag, a1, as, as, ay
are uniquely determined.

. Explain why there are infinitely many polynomials g(z) = ayr*+asz3+asz?+a12+aq
satisfying g(—3) =2, g(—1) =5, g(2) = —3 and ¢(3) = 0.

Sol. By the previous problem for each n with ¢(7) = m, ag,a1,a9,a3,a4 are
uniquely determined. They are different if m is distinct. Hence there are infinitely
many polynomials g(z) satisfying the conditions.

Other Solution. We can find a polynomial with the conditions such that ay = 0.
Let g(z) = azx® 4+ asx? + ayx + ag be a polynomial satisfying g(—3) = 2, g(—1) = 5,
g(2) = —3 and ¢(3) = 0. Then

hz) = g(x) + ag(x — (=3))(x — (=1))(x — 2)(x — 3) (a4 is any number.)
also satisfies h(—3) = 2, h(—1) = 5, h(2) = —3 and h(3) = 0. Hence there are
infinitely many polynomials of degree 4 satisfying the conditions.



