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Linear Algebra I November 21, 2013

Solutions to Final Exam 2013

(Total: 100 pts, 40% of the grade)

1. Let T : R* — R? be a transformation defined by: (30 pts)
T(x1,22,23,24) = (321 + T2 — T4, 1 + 222 — 323 + 324, —221 + 4ao — 223 + S1g).

(a) Show that T is a linear transformation.
Solution. Let a = (a1,as,a3,a4), b = (b1, b2,b3,bs), and ¢,d € R. We need to show that

T(ca + db) = cT'(a) + dT'(b).

T'(ca + db)

= T(cay + dby, cas + dby, cas + dbs, caq + dby)

= (3(cay; +dby) + (caz + dbs) — (caq + dby),
(cay + db1) + 2(cag + dba) — 3(cas + dbs) + 3(caq + dby),
—2(cay + dby) + 4(caz + dbz) — 2(caz + dbs) + 5(caq + dby)),

= ¢(3a1 + as — aq,a1 + 2a5 — 3az + 3aq, —2a; + 4as — 2a3 + Say)
+d(3by + by — by, by + 2b2 — 3b3 + 3by, —2by + 4by — 2b3 + 5by)

= cT'(a)+dT(b).

(b) Find the standard matrix A = [v1, v, v3,v4] for the linear transformation 7.
Solution. A satisfies the following:

1 1 0 0 0
371 + &2 — 4 0 1 0 0
A T2 = xr1 + 2x2 — 3x3 + 3214 .ep = , €2 = ,€e3 = ,€e4 =
T3 —2x1 + 4xo — 223 + D14 0 0 L 0
T4 ! 3 0 0 0 1
3 1 0
V1 = T(l,0,0, 0) = T(el) = 1 , V2 = T(eg) = 2 , V3 = T(€3) = -3 , Vg = T(e4) =
-2 4 -2
Thus
3 1 0 -1
A = [v1,v2,v5,v4] = 1 2 -3 3
-2 4 -2 5
(¢) Find vy X v, where v; and vy are in (b).
Solution. Let e; = [1,0,0]7, ex = [0,1,0]7, e3 = [0,0,1]T.
e € e 1 -2 3 2013 11" 8
V1 X Vg = 3 1 -2 = H 9 4 ,—’ 1 4 ,’ 1 92 :| = —14
1 2 4 5

(d) Find the volume of the parallelepiped determined by vy, va, v3, where vy, vs and v3 are in (b).

Solution.
3 1 =2
0 -3 -2
Hence the volume is |32| = 32. .

(e) Determine whether T is one-to-one. Explain your answer.

Solution. Since a set of four vectors {vy, v, v3,v4} in R? is not linearly independent, A is
not one-to-one. |
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(f) Determine whether T is onto. Explain your answer.
Solution. By (d) the set of first three columns {vy,vs,v3} is linearly independent, so A has

pivot positions in all three rows. Hence T is onto. [ ]
2. Let A be the following 4 x 4 matrix and a, b, ¢, d real numbers. (25 pts)
1 X1 5812 .7313
1 i) 1’22 $23 2 3 - . .
A= T T R f(z) = ap + a1x + agx® + asz? is called a cubic polynomial.
1 Ty .%‘42 1'43
(a) Show that det(A) = (2 — z1)(z3 — z1) (x4 — x1) (23 — x2) (x4 — x2) (24 — T3).
Solution.
1 I 11712 5013 T 1'12 1’13
|A| o 1 T2 £C22 .’E23 o o — X1 1’22 — $12 1'23 — 1’13
o 1 I3 {L‘32 1633 o Ir3 — I1 1‘32 — $12 1'33 — .’)313
1 Ty 1‘42 .1‘43 Ty — 1 x42 - 1‘12 $43 - l‘lg

O e = =

T2 —T1 $22 —1312 T2 —CU13 T2 — T1 $22 —xl2 $23 —951%22

_ _ 2 ,..2 _ .3 | _ 2 .2 3 _ 2
= r3 —T1 X3 X1 x3 T1 =| X3 — X1 X3 T z3 T1T2
2 2 3 2 2 3 2

Ty —T1 T4~ —T1 4™ — 21 Ty —T1 X4~ —T1 T4™ — T1X4

T2 — 1 $22 — T1X2 Cﬂzg - $1$22
= | azg—x1 x32—mze 3% — 21702
za—x T4 —mmy x4 — 234?

1 T2 1’22
= (2o —x1)(3 —21)(24 —21) | 1 12 252
1 Ty .’1342
1 T2 1’22
= (2o —x1)(x3 —21)(2g —21) | 0 23 — 20 3% — 292
0 Ty — T2 .’1742 — CCQQ

T3 — T ZL‘32 — $22

= (-a)l@s—a)(za—a)| 0 0 e

1 xr3 + X9
1 T4 + 2o

= (v2 —x1)(z3 — 1) (24 — 1) (T3 — T2) (T4 — T2)
= (x2—x)(x3 —x1) (24 — x1) (23 — 2) (T4 — 22) (T4 — T3).

(b) Explain that a cubic polynomial f(r) = ag + a12 + a22? + a3z is uniquely determined when
f1)=2,f(2)=0,f(3) =1,f(4) =3.

Solution. Since

[ = ap + a1 + az + as = 2 1 1 1 1
f(2) = ap+2a1+2%a3+2%3 = 0 1 2 22 93

2 3 , B= 9 o3
fB3) = ao+3a1+3%a+3%z = 1 13 3 3
f(4) = ap+4a; +4%a+4%a3 = 3 1 4 42 43

is the coefficient matrix. By (a), det(B) = (2—1)(3—1)(4—1)(3—2)(4—2)(4—3) # 0. Hence
B is invertible and ag, a1, a2, a3 and f(x) is uniquely determined. [ |
(¢) Find a3 in (b) by Cramer’s rule. Don’t evaluate determinants.

Solution.

as =

w
o
=W = O N

[\
V)

[\
w

1 1
1 2
1 3
1 4 42
11
1 2
1 3
1 4
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(d) Suppose z1, T2, 73,74 are distinct. Explain that a cubic polynomial f(x) = ag + ajx + ax? +
azx® is uniquely determined when f(z1) = y1, f(z2) = vo, f(23) = y3, f(x4) = y4 for any
Y1,Y2,Y3,Ya.

Solution. Since

f(1) = ap+xia; +21%a2 + w3203 = 1
f(2) = ao+xaa1 +x02as +32%a3 = Yo
f(3) = ag+T3a1 + x32a2 + 3333@3 = y3 '’
f(4) = ap+xga1 +x4%a2 +w4Pa3 = Y4

A is the coefficient matrix. Since x1, z9, x5, x4 are distinct, by (a),

det(A) = (x2 — z1)(v3 — 21) (24 — 1) (23 — T2) (x4 — T2) (x4 — x3) # 0.

Hence A is invertible and ¢y, ¢1, ¢2, ¢3 and f(z) is uniquely determined. |
3. Let A and B be matrices given below. (25 pts)
3 -5 -5 —4 =2 1 -1 0 -2 -3
-3 4 2 6 6 0 1 2 0 -3
A=| -3 3 0 6 9 , B=10 -2 -5 2 7
-3 1 -4 7 8 0 -2 -4 1 -1
-3 6 6 6 7 0o 3 6 0o -2

(a) The matrix B is obtained from the matrix A by applying a sequence of elementary row op-

erations. Find (i) such a sequence of elementary row operations, (ii) a matrix P such that
PA = B, and (iii) det(P).

Solution.
3 -5 -5 —4 -2 3 -5 -5 —4 -2
-3 4 2 6 6 51/ -3 4 2 6 6
A = -3 3 0 6 9 T 1 -1 0 -2 -3
-3 1 -4 7 8 -3 1 -4 7 8
| 3 6 6 6 7 | 3 6 6 6 T
1 -1 0 -2 -3 1 -1 0 -2 -3
[1,3] 34266 s e | O L2 0 T3
= 3 -5 =5 -4 =2 T e 0 -2 -5 2 7
-3 1 -4 7 8 0o -2 —4 1 -1
| 3 6 6 6 7 | 0 3 6 0 -2
(1) [3;_1/3]a[173]7[271;3]7[371;_3]a[471;3]7[571;3]
00 —1/3 0 0
01 -1 00
(ii) P = E(5,1;3)E(4,1;3)E(3,1; —3)E(2,1;3)E(1,3)E(3;—-1/3)= | 1 0 1 0 0
00 -1 120
00 -1 01
(iii) det(P) =1/3.
(b) Evaluate det(A). Briefly explain each step.
Solution.
1 2 0 -3 1 2 0 =3
| -2 =5 2 7 |@2u2Bu24n-3(0 -1 2 1 |
Bl=| 5 41 4 - 00 1 7|7
3 6 0 -2 0O 0 0 7

Since —7 = |B| = |PA| = |P||A| = 1/3 - |A|, |A| = —21.
(c) Write the (2,4) entry of adj(A4), the adjugate of A, as a determinant. Don’t evaluate it.

Solution.
3 -5 —4 -2
. -3 2 6 6
adj(A)es = (1" Asal=| 5 o o
-3 6 6 7
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1 2 21
1 2 21

4. Let A= 1 9 41 (20 pts)
1 -2 2 5

(a) Explain that A has eigenvalues 6 and 0 without computing the characteristic polynomial of A.

Solution. Since A has constant row sum 6, Av; = 6v;, where v; = [1,1,1,1]7. Thus 6 is an
eigenvalue. Since the first two rows are same, det(A) = 0 and A is not invertible. Hence there

exists Az = 0 has a nontrivial solution vy. Thus Avs = Qvy and 0 is an eigenvalue. [ |
(b) Find all eigenvalues of A.
Solution.
1—=z 2 2 1 6—x 2 2 1
1 2—x 2 1 6—x 2—=x 2 1
A=zl = 2 44—z 1 | |6-2 2 44—z 1
1 -2 2 5—=x 6—x —2 2 5—x
1 2 2 1 1 2 2 1
1 2—x 2 1 0 —=z 0 0
A I T S B T el C RO I S S S
1 -2 2 5—=x 0 -4 0 4—x
—x 0 0
= (6-z)| 0 2—z O =6-z)(—2)2—-2)4—x)
—4 0 4—x

= (z—06)x(z—2)(x —4).

(c) Find an invertible matrix P and a diagonal matrix D such that P~'AP = D.
Solution. Ay = 6: vy is as in (a).

)\2103
1 2 217 [1 2 217 [100 11 [ —1 ]
1 2 21 0 0 0 0 01 0 -1 1
A-0=1 " 5 4 117 o 4 62" ]oo1 1 |27
1 225 |0 404 000 0| 1
A3 =2
1 2 217 [0 2 427 [10 0 —1] [ 1]
1 0 21 1 0 2 1 01 0 —1 1
A=2l=1 1 5 511700 0 ool |oo1 1 "=
1 2 23] |0 404 000 0| 1
Ag =4
3 2 21 0 —4 8 4 100 1 1
1 -2 2 1 1 -2 2 1 01 0 1 -1
A=dl=1 1 5 011700 0 22| ]oo11|'™=| 1
1 -2 2 1 0 0 0 0 000 0 1
1 -1 1 -1 6 00 0
1 1 1 -1 000 0
P=149 4 4 4 ['P=]l00 20
11 1 1 000 4
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