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1. Let P, ), R be statements.

(a) Complete the following truth table. (4 pts)

|

(P = B A (@ = R|~R = (~P A ~Q)|

|
NO

S RN ol e RN R R N anl | B=v

IR Rl B N R Rl R N
BN RN Rl R NS R Heol R

(b) Express the contrapositive of ~ R = (~ PA ~ Q) without using A. (3 pts)

(c) Express (P = R) A (Q = R) with V and ~ only without using A nor =. (3 pts)

2. Let n be a (fixed) positive integer. For a,b € Z, we write a =b (mod n), whenever there
is an integer ¢ such that b — a = cn. Show the following.

(a) Let a,b,c,de€ Z. Ifa=b (mod n)and c=d (mod n), thena+c=b+d (mod n)
and ac = bd (mod n). (10 pts)

1.(10) | 2.(20) | 3.(10) | 4.(20) | 5.(25) | 6.(15) Total
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(b) If z is an odd integer, then 22 =1 (mod 8). (5 pts)

c¢) If z,y and z are odd integers, then 2% + % + 22 cannot be a square of an integer.
g
(5 pts)

3. Show that there is an integer m such that for each integer n > m, there are nonnegative
integers a and b such that n = 5a + 8b. (10 pts)
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4. Let f: X =Y, g9g:Y - Zand h=gof:X — Z(x+— g(f(x))) be functions. Prove or
disprove the following.

(a) If f is one-to-one and g is onto, then h is onto. (5 pts)
(b) If h is one-to-one, then f is one-to-one. (5 pts)
(c) If f is onto and h is one-to-one, then g is one-to-one. (5 pts)

(d) f(ANnB) = f(A)N f(B) for all subsets A, B in X. (5 pts)
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5. For a,b € R with a < b, let (a,b) = {x € R: a < z < b}, and let R”" be the set of
positive real numbers.

(a) Let f:(0,1) — R (z — ££). Show that f is one-to-one and onto. (5 pts)

(b) State the definitions of |A| = |B| and |A| < |B| for subsets A, B of R”°. (5 pts)



(c) Let P(R”?) be the power set of R”Y. Then |A| = |B| for A,B € P(R”") is an
equivalence relation on P(R>Y). (10 pts)

(d) Show that |(a,b)| = |R>?| for all pairs a,b € R with 0 < a < b. (5 pts)
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6. Let S = {{a,b} :a,b € N,a # b} be the set of all pairs of IN. Let

g:NxN — S ((z,y) = {z,z+y}), and h: N x N — N ((z,y) — 27 13v71).

(a) Show that g is a one-to-one and onto function. (5 pts)
(b) Show that h is a one-to-one function. (5 pts)
(c) Show that S is denumerable. (5 pts)

Please write your comments:
(1) About this course, especially suggestions for improvements.
(2) Topics in Mathematics or in other subjects you want to study.
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1. Let P, @), R be statements.

(a)

(b)

()

Complete the following truth table. (4 pts)
PlQIR|[®P = B A Q@ == R|~R = (~P A ~Q)|
T T T T
T|T|F F F F T F
T|F | T T T
T|F|F F F T F
F|T|T T T
F|T|F F F T F
F|F | T T T T
F|F|F T T T T
Express the contrapositive of ~ R = (~ PA ~ @) without using A. (3 pts)

~R=(~PAN~Q)=~(~PAN~Q)=R= (PVQ)= R.
Express (P = R) A (Q = R) with V and ~ only without using A nor =-. (3 pts)

(P=RANQ=>R)=~R=(~PAN~Q)=(PVQ)=R=~(PVQ)VR.

2. Let n be a (fixed) positive integer. For a,b € Z, we write a =b (mod n), whenever there
is an integer ¢ such that b — a = cn. Show the following.

(a)

Let a,b,c,d€ Z. Ilf a=b (mod n) and ¢ =d (mod n), then a+c=b+d (mod n)
and ac = bd (mod n). (10 pts)
Soln. Since a = b (mod n) and ¢ = d (mod n), there exist s,t € Z such that
b—a = sn, d— c=tn. Therefore,

(b+d)—(a+c)=(b—a)+(d—c)=sn+tn = (s+t)n, and

bd — ac = b(d — ¢) + (b — a)c = tnb + snc = (tb + sc)n.
Hence a+c=b+d (mod n) and ac =bd (mod n).

If 2 is an odd integer, then 22 =1 (mod 8). (5 pts)
Soln. Since z is odd, # = 1 or £3 (mod 8). Therefore, z2 =1 (mod 8) in all
cases. ]

If ,y and z are odd integers, then 22 4+ y? + 22 cannot be a square of an integer.

(5 pts)
Soln. By way of contradiction, assume that 22 + y?> + 22 = w?. Then by (b),
wr=22+y?+22=1+1+1=3 (mod 8). Hence w is odd and w? =1 (mod 8),
which is a contradiction. Therefore, 22 4+ y? + 22 cannot be a square of an integer. ®



3. Show that there is an integer m such that for each integer n > m, there are nonnegative
integers a and b such that n = 5a + 8b. (10 pts)

Soln. We show that m = 28 satisfies the condition. Note that it is impossible to express
27 in this form. 28 =5-4+4+8-1,29=5-1+8-3,30=5-64+8-0,31=5-3+8 -2,
32=5-0+8-4. So asume n > 33. Then n—5 > 28 and by induction hypothesis, there are
nonnegative integers a and b such that n — 5 = 5a + 8b. Hence n = 5(a + 1) + 8b and n is
a nonnegative linear combination of 5 and 8. Thus by induction, for each integer n > 28,
there are nonnegative integers a and b such that n = 5a + 8b. [ |

4. Let f: X =Y, g:Y - Zandh=gof:X — Z(x+— g(f(x))) be functions. Prove or
disprove the following.

(a) If f is one-to-one and g is onto, then h is onto. (5 pts)
Soln. False. Let X ={1}, Y ={1,2} =Z and f(1)=1. g(1) =1 and g(2) = 2.
Then f is one-to-one and ¢ is onto. But hA(1) = 1 and h is not onto. [ |

(b) If h is one-to-one, then f is one-to-one. (5 pts)
Soln. True.  Suppose f(z) = f(2') for z,2’ € X. Then h(z) = g(f(z)) =
g(f(z")) = h(z'). Since h is one-to-one, x = z’. Hence f is one-to-one. ]

(c) If f is onto and h is one-to-one, then g is one-to-one. (5 pts)

Soln. True. Suppose g(y) = g(y') for y,y’ € Y. Since f is onto, there exist
z,2’ € X such that y = f(z) and ¢ = f(2'). Hence h(z) = g(f(z)) = g(y) = 9(¢/) =
g(f(2")) = h(z). Since h is one-to-one, x = 2/. Therefore, y = f(z) = f(2’) =y’ and
g is one-to-one. ]
(d) f(ANB) = f(A)N f(B) for all subsets A, B in X. (5 pts)
Soln. False. Let X = {1,2}, Y ={1}, f(1) = f(2) =1 and A = {1}, B = {2}.
Then AN B = (. Hence f(AN B) = f(0) = 0. On the other hand, f(A4) = f({1}) =
{1} = f({2}) = f(B). Hence f(A)N f(B) = {1} #0 = f(AN B). .

5. For a,b € R with a < b, let (a,b) = {x € R: a < = < b}, and let R”" be the set of
positive real numbers.

(a) Let f:(0,1) — R™Y (z 12 )- Show that f is one-to-one and onto. (5 pts)
Soln. For z € (0,1), 0 < % is well-defined and continuous as x # 1 and f(x) €
R>%. Moreover,

1 . .
=Tz > 0, ili%f(az)—Oand ;Lmlf(a:)—oo.

Therefore, f is increasing and hence one-to-one. By the Intermediate Value Theorem,
f(z) takes all values in R>°. Hence f is onto. ]
Soln.2. If f(x) = f(2'), then 2/(1 — z) = 2’ /(1 — ). Hence z(1 — z') = 2'(1 — z)
or x = z/. Thus f is one-to-one. Since z/(1 — ) = y implies y = z(1 + y) or

r =1y/(1+y). Hence for y € R°Y, z = y/(1 +y) € (0,1) and f(y/(1 +y)) = v.

Therefore, f is onto. u
(b) State the definitions of |A| = |B| and |A| < |B| for subsets A, B of R”°. (5 pts)
Soln. |A| = |B| whenever A = B = () or there is a one-to-one and onto function

f:A— B. |A| < |B| whenever A = () or there is a one-to-one function g : A — B,
and |A| # |B|. ]



()

6. Let

(a)

Let P(R”Y) be the power set of R”°. Then |A| = |B| for A,B € P(R”?) is an
equivalence relation on P(R>Y). (10 pts)
Soln. Let A € P(R??), ie., A C R”®. If A = (), then |A| = |A|. Suppose not.
Then the identity function iy : A — A (x — x) is a one-to-one and onto function.
Hence |A| = |A|. Hence the relation |A| = |B| is reflexive.

Let A,B € P(R>") with |A| = |B|. If A = B = (), then |B| = |A|. Suppose not.
Then there is a one-to-one and onto function f : A — B. Then g = f~': B — A,

the inverse function of f is also one-to-one and onto. Hence |B| = |A|. Hence the
relation |A| = |B| is symmetric.

Let A, B,C € P(R”Y) with |A| = |B| and |B| = |C|. If one of A, B,C is an empty
set, so are all three. Hence |A| = |C|. Suppose not. Then there are one-to-one and
onto functions f: A — Band g: B — C. Then h=go f: A— C, the composite
function of f and g is also one-to-one and onto. Hence |A| = |C|. Therefore the
relation |A| = |B| is transitive and this is an equivalence relation. ]
Show that |(a,b)| = |R>Y| for all pairs a,b € R with 0 < a < b. (5 pts)
Soln. Let f:(0,1) — (a,b) (x — (b—a)xr + a). Since b —a > 0, f is an increasing
function and f((0,1)) = (a,b). Hence f is a one-to-one and onto function. By
definition, |(0,1)| = |(a,b)|. Since |A| = |B| is an equivalence relation and |(0,1)| =
|R™°| by (a), [(a,b)] = [R™7]. =

S ={{a,b} :a,b € N,a # b} be the set of all pairs of N. Let
g: NxN — S ((z,y) = {z,z+y}), and h: N x N — N ((z,y) — 277 13v71),

Show that ¢ is a one-to-one and onto function. (5 pts)
Soln. If g(z,y) = g(2',y'), then {z,z + y} = {2/, 2" + ¢/}. Since x < z + y and
¥ <2’ +y,z=2"and y =y'. Therefore g is one-to-one. Let {a,b} € S with a < b.

Then (a,b —a) € N x N and g(a,b — a) = {a,b}. Hence ¢ is onto. ]
Show that h is a one-to-one function. (5 pts)
Soln. Suppose h(z,y) = h(z’,y/). Then 2*-13¥—1 = 22'-13¥'~1 By the unique
factorization of integers, z = ' and y = 3. Hence h is one-to-one. ]
Show that S is denumerable. (5 pts)

Soln. Let f: N — N x N (z+ (z,1)). Then f is clearly a one-to-one function.
Therefore, we have

o ®)
IN| < [N x N| 99|, and |N x N| < |N]|.

Hence by the Cantor-Bernstein’s Theorem |N| = [N x N| and |N| = |S|. ]
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