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1. Let P, ), R be statements.

(a) Complete the following truth table. (5 pts)
PlQIR|®P A Q = R|(@Q A ~R = (~P)]
T|T|T
T|T|F
T|F|T
T|F|F
F\|\T|T
F\|\T|F
F|\F|T
F|F|F
(b) Let X = (PAQ)= Rand Y = (QA ~ R) = (~ P). Determine true of false of each
of the following. (2 pts)
(i) X =Y (True, False) (ii) XV ~ Y is tautology (True, False)
(c) Express (QA ~ R) = (~ P) with V and ~ only without using A nor =-. (3 pts)

2. Let n be a (fixed) positive integer. For a,b € Z, we write a =b (mod n), whenever there
is an integer ¢ such that b — a = cn. Show the following.

(a) Let a,b,c,de Z. ifa=b (mod n) and ¢ =d (mod n), then a+c=b+d (mod n)
and ac = bd (mod n). (10 pts)
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(b) If n € Z satisfies ged(n, 6) = 1, then n? =1 (mod 24). (5 pts)
(c) ba+ 196 =0 (mod 24) if and only if a =b (mod 24). (5 pts)

3. Show that there is an integer m such that for each integer n > m, there are nonnegative
integers a and b such that n = 5a + 7b. (10 pts)
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4. Let f: X =Y, g9g:Y - Zand h=gof:X — Z(x+— g(f(x))) be functions. Prove or
disprove the following.

(a) If both f and g are one-to-one, then h is one-to-one. (5 pts)
(b) If h is onto, then g is onto. (5 pts)
(c) If both f and h are one-to-one, then g is one-to-one. (5 pts)

(d) f~YANB) = f~1(4)n f~1(B) for all subsets A, B in Y. (5 pts)
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5. For a,b € R with a < b, let (a,b) ={r € R:a <z <b},and [a,b] ={zr € R:a <z <b}.

(a) State the definition of |A| < |B]| for sets A, B, and give infinite sets A and B such

that |A| < |B] is not satisfied.! (5 pts)
(b) State the definitions of |A| = |B| and |A| < |B| for sets A, B. (5 pts)
(¢) Show that [(0,1)| < |[a,b]| for all pairs a,b € R with a < b. (5 pts)
(d) Show |(0,1)| = |[a, b]| for all pairs a,b € R with a < b. (5 pts)

'No need to show that they do not satisfy the condition.
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6. Let A={(a,b)|a€e N,be N} =N x N. Let (a,b) ~ (¢,d) if and only if ad — bc = 0.

(a) Show that the relation ~ defines an equivalence relation on A. (10 pts)

(b) Show that there is a bijection between the set of equivalence classes of A and Q,
where Q™ is the set of positive rational numbers. (5 pts)

(c) Show that A is denumerable. (5 pts)

Please write your comments:
(1) About this course, especially suggestions for improvements.
(2) Topics in Mathematics or in other subjects you want to pursuit.
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1. Let P, @), R be statements.

(a) Complete the following truth table. (5 pts)
PlQ|R[P A @ = R|@Q A ~R = (~P)]
T|\T|T T T T
T|T|F T F T F
T|F | T T T
T|F|F T T
F\|\T|T T T
F|T|F T T T
F|F|T T T
F|\F|F T T
(b) Let X = (PAQ)= Rand Y = (QA ~ R) = (~ P). Determine true of false of each
of the following. (2 pts)
i) X =Y (, False) (ii) XV ~ Y is tautology (, False)
(c) Express (QA ~ R) = (~ P) with V and ~ only without using A nor =. (3 pts)
Soln.

(QAN~R) = (~P)=~ (QAN~R)V(~P)=(~Q)VRV(~P)=(~P)V(~Q)VR.

Other Reasoning: Since the truth value is F' only when (~ P,~ Q,R) = (F,F, F),
we have the expression.

2. Let n be a (fixed) positive integer. For a,b € Z, we write a = b (mod n), whenever there
is an integer ¢ such that b — a = cn. Show the following.

(a) Let a,b,c,de Z. If a=b (mod n) and ¢ =d (mod n), then a+c=b+d (mod n)
and ac = bd (mod n). (10 pts)
Soln. Since a = b (mod n) and ¢ = d (mod n), there exist s,t € Z such that
b—a = sn, d— c=tn. Therefore,

b+d)—(a+c)=(b—a)+(d—c)=sn+tn=(s+1t)n, and

bd — ac = b(d — ¢) + (b — a)c = tnb + snc = (tb + sc)n.
Hence a+c=b+d (mod n) and ac =bd (mod n).
(b) If n € Z satisfies ged(n, 6) = 1, then n2 =1 (mod 24). (5 pts)
Soln. Since ged(n,6) =1,

n=1,5711,13,17,19,23 = 1,5,7,11, —11, -7, =5, —1 (mod 24).
By (a),

n?=12,5%,7%,11%, (-11)%,(=7)%, (=5)%, (=1)> =1 (mod 24).



(¢) ba+ 190 =0 (mod 24) if and only if a =b (mod 24). (5 pts)
Soln. Suppose 5a + 196 = 0 (mod 24). Then 5a = 5a + 190 + 5b = 5b (mod 24)
as 196+ 50 =24b =0 (mod 24). Now a=5-5a=5-50=0b (mod 24). Conversely
if a=b (mod 24), then 5a + 19b = 5a + 19a = 24a =0 (mod 24).

3. Show that there is an integer m such that for each integer n > m, there are nonnegative
integers a and b such that n = 5a + 7b. (10 pts)

Soln. We show that m = 24 satisfies the condition. 24 =5-2+7-2,25=5-5417-0,
26=5-147-3,27T=5-447-1,28=5-0+7-4. So asume n > 29. Then n —5 > 24 and
by induction hypothesis, there are nonnegative integers a and b such that n —5 = 5a + 7b.
Hence n = 5(a + 1) + 7b and n is a nonnegative linear combination of 5 and 7. Thus
by induction, for each integer n > 24, there are nonnegative integers a and b such that
n = da + 7b.

4. Let f: X =Y, 9:Y - Zand h=gof: X — Z(z+ g(f(z))) be functions. Prove or
disprove the following.

Soln. True. Suppose h(a) = h(b) for a,b € X. Then g(f(a)) = (go f)(a
(go f)(b) =g(f(b)). Since g is one-to-one, f(a) = f(b). Since f is one-to-one, a
Therefore, h is one-to-one.
(b) If h is onto, then g is onto. (5 pts)
Soln. True. Let b € Z. Since h is onto, there is a € X such that b = h(a) = (g o
f)(a) =g(f(a)). Let c = f(a) € Y. Then there is ¢ € Y such that g(c) = g(f(a)) =

Therefore g is onto.

(a) If both f and g are one-to-one, then h is one-to-one. (5 pts
)

5
b

(c) If both f and h are one-to-one, then g is one-to-one. (5 pts)
Soln. False. X =7 = {1}, Y ={1,2} and f(1) =1, g(1) = ¢g(2) = 1. Then
h(1) = 1. Hence both f and h are one-to-one, but g is not one-to-one.

(d) f~Y(ANB) = f~1(A)n f~1(B) for all subsets A, B in Y. (5 pts)
Soln. True. Letz € f~'(ANB). Then f(z) € AN B. Hence x € f1(A)
and x € f~Y(B), and z € f~1(A) N f~Y(B). Thus f~H(ANB) C f~Y(A)n f(B).
Conversely let z € f~1(A) N f~4(B). Then f(x) € A and f(x) € B. Hence f(x) €
ANB,and z € f71(ANB). Thus f~Y (AN B) D f~YA) N f~YB). Therefore,
FHANB) = A N f1(B).

5. For a,b € R with a < b, let (a,b) ={r € R:a <z <b},and [a,b] ={zr € R:a <z <b}.

(a) State the definition of |A| < |B]| for sets A, B, and give infinite sets A and B such
that |A| < |B| is not satisfied.? (5 pts)
Soln. |A| < |B| whenever there is a one-to-one function f : A — B. |R| £ |N|,
and |P(N)| £ |N|.

(b) State the definitions of |A| = |B| and |A| < |B| for sets A, B. (5 pts)
Soln. |A| = |B| whenever there is a bijection f : A — B. |A| < |B| whenever
4] < |B| and |4] £ |B|.

(¢) Show that [(0,1)| < |[a, b]| for all pairs a,b € R with a < b. (5 pts)
Soln. Let f:(0,1) — [a,b] (x — (b—a)x + a). Then f'(z) =b—a > 0 and f(z)
is strictly increasing. Hence f is one-to-one. Note f((0,1)) = (a,b) < [a,b]. Thus
(0, )] < [[a, b]].

2No need to show that they do not satisfy the condition.



(d)

Show |(0,1)| = |[a, b]| for all pairs a,b € R with a < b. (5 pts)
Soln. Let g : [a,b] — (0,1) (x — m(z&:—kb— 3a)). Since ¢'(z) = ﬁ > 0,
g is strictly increasing and one-to-one. Since g¢([a,b]) = [i,%], la,b]] < |(0,1)].

Therefore by (c) and the theorem of Schroder-Bernstein, |(0,1)| = |[a, b]|.

6. Let A={(a,b)|a€e N,be N} =N x N. Let (a,b) ~ (¢,d) if and only if ad — bec = 0.

(a)

Show that the relation ~ defines an equivalence relation on A. (10 pts)
Soln. (a,b) ~ (a,b) as ab— ba = 0. Hence the relation is reflexive Suppose (a,b) ~
(¢,d). then ad —bc = 0. Hence ¢b —da = 0. Thus (¢,d) ~ (a,b) and the relation
is symmetric. Finally suppose (a,b) ~ (¢,d) and (¢,d) ~ (e, f). Then ad — bc =
cf —de = 0. Since d # 0,

afd bef bef bde f

b
af—b(i:7—7+7—7:E(ad—b0)+g(6f—de):0

Therefore (a,b) ~ (e, f), and the relation is transitive.

Show that there is a bijection between the set of equivalence classes of A and Q,
where Q7 is the set of positive rational numbers. (5 pts)
Soln. Let A/~ denote the set of all equivalence classes. Then A/~ = {[(a,b)] | a €
N.,be N}, where [(a,b)] denotes the equivalence class containing (a, b). Let

a

fia—at (I@h)~5)

(a,b) ~ (¢,d) if and only if ad — be = 0 if and only if a/b = ¢/d. Since every element
of Q" can be written in the form a/b with a € N and b € N, f((a,b)) = a/b, and f

is onto.

Show that A is denumerable. (5 pts)

Soln. Let
h:A=N x N — N ((m,n) — 2™ 1(2n - 1)).

Then h is a bijection and |A| = |IN|. Hence A is denumerable. Note that every
number M € N can be written as M = 2™~ (2n — 1) for some m,n € N. Hence
h(m,n) = M and h is onto. Since the expression, M = 2™~1(2n — 1) is unique, h is
one-to-one.
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