Algebra I: Final 2005 Solutions June 23, 2005

1. Let H be a nonempty subset of a group G satisfying the following.
z Yy e H forall z,y € H.

(a) Show that 1 € H, 27! € H and xy € H for all x,y € H. (This proves that H < G.)

Solution. Since H # (), we can take an element x € H. By the condition, 1 = 2~ 'z € H.
Let  be an arbitrary element of H. Since z,1 € H, 2~ ' =z~'1 € H. For =,y € H, since
v teH oy=(x"')"'y € H. Thereforel€¢ H,x~ '€ Handzy€ H forallz,yc H. m

(b) Suppose zhz~! € H for all x € G and h € H. Show that xHx~! = H for all z € G.

Solution. By assumption xHxz~' C H for every x € G. Since 27! € G, x7'Hx =
v H(z7')"' C H. Thus 2Hz~! = H for all x € G. ]

2. Let H be a subgroup of a group G and N a normal subgroup of G. Let a be a mapping defined
by
a:H — G/N (h+— hN).

(a) Show that « is a group homomorphism and that Ker(o) = H N N.

Solution. Since N is a normal subgroup of G, G/N is a group with respect to the mul-
tiplication defined by (h1N)(haN) = hiheN. (Note that (hiN)(hoN) = hy(Nho)H =
hiho NN = hthN.) Hence for hl, hy € H,

Oz(hlhg) = hlth = (th)(hQN) = a(hl)a(hg).
Thus « is a group homomorphism. Hence its kernel is normal and that

Ker(a) = {heH|a(h)=1gn}={heH|hN =N}
= {heH|heN}=HNN.

Note that since N < G, hN =N < h € N. [ |

(b) Show that H/H NN ~ HN/N.
Solution. Claim. «(H)= HN/N.
Proof. Since N is a normal subgroup of G, HN = NH. Thus N < HN < G.

a(H)={hN|he H}={hnN |he Hne N} = HN/N.
Now by the First Isomorphism Theorem (4.3.4) and 2 (a),
H/HNN = H/Ker(a) ~ Im(a) = HN/N

as desired. n

3. Let (Z7,,-) be a multiplicative group; here Z7, is the set of invertible congruence classes [a]
modulo 14, i.e., such that gcd{a, 14} = 1.
(a) Show that Z7, is a cyclic group.
Solution. By definition,
14 = {[1, 3], [5], [9] [11], [13]},

and [312 = [9], B = [13], [3]* = [11], [3° = [3] and [3]° = [1] = [3]°. Hence Z}, = {[3]" |
n € Z} = ([3]) and Z7, is a cyclic group. ]



(b) Show that [a]® = [1] for all [a] € Z7,. Show also that a® =1 (mod 14) for all integers a
such that ged{a, 14} = 1.

Solution. Since Z73, is a cyclic group of order 6, [a] = [3]° for some i € Z by (a). Since
3 = [1], [a]® = ([3])° = ([3]°)" = [1]. Moreover if ged{a,14} = 1, [a] € Z7,, and
[a)® = [a%] = [1]. Therefore a®=1 (mod 14). ]

(¢) Find a normal subgroup N in Z7, such that Z7,/N is a cyclic group of order 2.
Solution. Since 2 = |Z7,/N| = |Z74|/|N| = 6/|N|, |[N| = 3. Hence by (4,1,6),

N = (31°%) = (3]%) = (19]) = {[1], [9], [11]}.
Clearly Z7, = NUI3]N as [3|N = {[3],[13], [5]}, and Z7,/N is a cyclic group of order 2. m

4. Let Sg be the symmetric group of degree 8.

(a) Let sign: Sy — {£1} (7 + sign(m)) be the sign function on Sg. Show that Ker(sign) is a
normal subgroup of Sg of index 2.
Solution. For o,7 € Ss, sign(o7) = sign(o)sign(7). Hence sign is a homomorphism
from Ss to a multiplicative group {#1}. Hence Ker(sign) < Sg. Since sign((12)) = —1,
Im(sign) = {£1}. Thus

2 = |[{£1}| = |Ss/Ker(sign)| = |Ss|/|Ker(sign)| = |Ss : Ker(sign)|.
Thus the index of Ker(sign) in Sg is 2. [

(b) Let o = (1,2,3,4)(5,6,7)(8) € Ss. Find |o| and sign(o), the order and the value of the
sign function.
Solution. |o| =min{n € Z | (n > 0) A (¢™ =1id)} = 12. Since 0 = (1,2,3,4)(5,6,7)(8) =
(1,4)(1,3)(1,2)(5,7)(5,6), sign(o) = (—1)° = —1. [ ]

(¢) What is the largest possible order of an element of Sg? How many elements of Sg have
this order?

Solution. The largest order is

max{lem{ny,na,...,ny} | N1 +no+---+n, =8, ny,ng,...,n, > 1}
(n1,y...,ny) | lem || (n1,...,n) [lem | (n1,...,n.) lem
(8 8 | (4,4) 1 (3,221 6
(7,1) 7 1| (4,3,1) 12 | (3,2,1,1,1) 6
(6,2) 12 | (4,2,2) 4 | (3,1,1,1,1,1) 3
6,1,1,1) | 6 || (4.2,1,1) | 4 [ (22,22 P
(5,3) 15 | (4,1,1,1,1) | 4 ||(2,2,2,1,1) p
(5,2,1) 10 || (3,3,2) 6 | (2,2,1,1,1,1) P
(1,1,1,1,1,1,1,1) | 1

=

Thus the largest order is 15, and the number of elements having this order is

@-(5_1>!-<3—1>!=8-7-6-4'2=2688-

Hear (g) reads 8 choose 5 and it is same as gC5. m
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1. Let H be a nonempty subset of a group G satisfying the following.

rlye H forall z,y € H.

(a) Show that 1 € H, 27! € H and zy € H for all z,y € H. (This proves that H < G.)

(b) Suppose zhz™! € H for all z € G and h € H. Show that zHz~! = H for all z € G.
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2. Let H be a subgroup of a group G and N a normal subgroup of GG. Let o be a mapping
defined by
a:H — G/N (h— hN).

(a) Show that « is a group homomorphism and that Ker(a) = H N N.

(b) Show that H/H NN ~ HN/N.
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3. Let (Z7,,) be a multiplicative group; here Z7, is the set of invertible congruence classes
[a] modulo 14, i.e., such that gcd{a, 14} = 1.

(a) Show that Z7, is a cyclic group.

(b) Show that [a]® = [1] for all [a] € Z},. Show also that a® = 1 (mod 14) for all
integers a such that ged{a, 14} = 1.

(¢) Find a normal subgroup N in Z7, such that Z7,/N is a cyclic group of order 2.
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4. Let Sg be the symmetric group of degree 8.

(a) Let sign : Sg — {£1} (7 — sign(m)) be the sign function on Ss. Show that Ker(sign)
is a normal subgroup of Sy of index 2.

(b) Let o = (1,2,3,4)(5,6,7)(8) € Ss. Find |o| and sign(o), the order and the value of
the sign function.

(c) What is the largest possible order of an element of Sg? How many elements of Sg
have this order?
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